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CALCULATIONS OF THE HIRZEBRUCH Xy GENERA OF 
SYMMETRIC PRODUCTS BY THE HOLOMORPHIC 
^ ■ LEFSCHETZ FORMULA 

' JIAN ZHOU 

-(— > ■ 

o 

r ') ' Abstract. We calculate the Hirzebruch Xy and Xy-genera of symmetric prod- 

ucts of closed complex manifolds by the holomorphic Lefschetz formula of 

'<J , Atiyah and Singer M. Such calculation rederive some formulas proved in an 

earlier paper [|l4| by a different method. 

o' 

^~J , Let M be a smooth manifold, and G a finite group of diffeoniorphisnis. There 

,J^ ' are two kinds of interesting cohomology theories for the orbifold M/G. The first is 

j^ , the orbifold de Rham cohomology H*{M/G) introduced in ||l^, for which we easily 

see to have an isomorphism 

(1) H*{M/G)'^H*{M)'^. 

►^ ■ The second is the delocalized equivariant cohomology 

O' (2) if*(M,G)= |0ff*(Af^)| = F*(AP)^« = i/*(MVZ, 

O ; XgeG J [g]eG, [g]eG. 

^^ . introduced by Baum-Connes pj in the study of the equivariant iiT-theory. Here G^, 

On ' denotes the set of conjugacy classes of G and Zg denotes the centralizer of g. For 

^ . each of these cohomology theories, one can define an Euler number, denoted by 

x{M/G) and x{M, G) respectively. The latter first appeared in the string theory 

on orbifolds in a different form (cf. Dixon-Harvey- Vafa-Witten |^): 



(3) x(M,G)^^^'x(Af<^^''>), 



X. . 

JH , where {g, h) is the group generated by g and /i, the sum is taken over commutating 

pairs (5, h) (z G X G. From Atiyah-Segal and Hirzcbruch-Hofer m one knows 
that xi^IyG) as defined in (0) is the Euler number of H*{M,G) or equivalently 
Kq{M), since one can easily show that 

(4) X(M,G)= Y. xiMyZg). 

lg]eG, 

A classical analogue of this formula is of course the Lefschetz formula: 

(5) ^(M/G) = ^^x(Af^)- E ^X(M^). 

A very interesting class of examples are provided by the symmetric products 
X^"' = A"/5„ of a manifold X. The following two formulas have been proved by 

1 



JIAN ZHOU 



various authors: 

(6) 5]x(^^"^)<z'^ 



n>0 



{l-q)xiX)-' 



(7) Y.xiX-,S„)q-=ll--^^ 



n>0 l> 



\il-q^)xiX)' 



There are two approaches to such formulas. Macdonald p| proved (ph using the 
isomorphism 

(8) H*{X^"'>) = H*{X"f" = S"{H*{X)), 
and Vafa and Witten |1^ proved (Q) using the isomorphism 

(9) ®„>o H*iX", Sn) = S{®n>oH*{X)). 

On the other hand, in Zagier p^ , §9, one can find a proof of (ph by (0), while in 
Hirzebruch-Hofer M a proof of M) by (0) . 

It is interesting to consider the complex version of (O) and (^by both approaches. 
The first approach has been carried in our earlier paper [14|, we will carry out 
the second approach in this paper. For a closed complex manifold M , a complex 
analogue of the Euler number is the Hirzebruch Xj^-genus: 

XyiM) = ^ {-iyhP^^M)yP. 

p,q>0 

For a closed complex orbifold M/G, define Xy{M/G) and Xy{M, G) using the Hodge 
numbers of two versions of Dolbeault cohomology theories 

H*'*{M/G) =H*'*{Mf 

and 

H*'*{M,G)= H*'*{M3f^ = H*'*{MyZg) 
[s]eG. MeG. 

respectively. For the latter, as in Q, we use a graded shift suggested by physicists: 
to each connected component of M^ , if the eigenvalues of g on the normal bundle 
are exp(-/^0i), • • • ,exp{y/^6r), set 

The Hodge numbers of H*'*{M, G) are given by 

(10) /iP'«(Af,G)= Y^ /iP^-^«'«~^»(M7Zg). 

For a closed complex manifold X, the complex versions of (||) and (^ are the 
following isomorphisms respectively: 

(11) i/*^*(X(")) = S'"(i/*^*(X)), 

(12) 0i/*-(X",5„) = 5(0H*-*(X)[F„F,]) 

n>0 )i>0 
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respectively. They have been used in Mm to prove the following analogues of 
and (0) respectively: 



(13) ^X-,(^^"\^n)9"=expK] 



X-v'iX)j 



I 

n>Q \1>1 



-q 



(14) Y.^X-y{X\S,.)q-^e.p \Y.J ,_\y!:!nVf.^ y 

In this paper, we use the complex analogue of (ph, the holomorphic Lefschetz for- 
mula of Atiyah-Singer [Q , to rederive (|3|) . The following complex analogue of (|j) 
follows easily from (Jl^): 

(15) Xy{M,G)= J2 i~yf^Xy{MyZg). 

[g]eG. 

We will use it to derive (p^. Incidentally, we find a description of the Adams 
operation in terms of the localized theorem proved by Atiyah and Segal H. See 



Proposition 1.1. As in Il4], we also have a version for H *'* and Xy 

1. Preliminaries 

1.1. Equivariant iiT-theory. Recall that for a G-manifold M, Kq{M) is the 
abelian group generated by the complex G- vector bundles, while Kq{M) can de- 
fined as the kernel of the restriction map 

K%{M X S') ^ K%{M) 

given by the inclusion of point in S^ . Atiyah and Segal ||j proved the following the 
following 

Theorem 1.1. There is a natural isomorphism 

MeG. lg]eG, 

The isomorphism on Kq{M) can be explicitly given as follows. If _E is a G- vector 
bundle over M, its restriction to M^ is acted on fiberwise by g and so decompose 
as a direct sum of subbundles E^ for each eigenvalue S, oi g. Then 

1.2. Tensor products and Adams operations. Given a vector bundle tt : E ^ 
X, E®'^ is a vector bundle on X. There is a natural 5„-action on E®"^ given as 
follows: 

a{vi (g) • • • (K) w„) = Wo-i(i) (g) • • • (g) Wo-i(„), 
where a G S'„, vi,--- ,Vn & E^ = n^^lx), x £ X. Atiyah R] (Proposition 2.2) 
showed that E i-^ E'^" defines a map 

(g>n : K{X) -^ KsjX) ^ K{X) ® R{Sn). 

The Adams operations ?/>" : K{X) -^ K{X) is essentially defined as follows: if 
E — Li (B • • ■ (B Lr, where Li, • • • , Lr are line bundles, then 
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Proposition 1.1. For a vector bundle E over X , (j)cr„{E^"-) = ■0"(-E). 

Proof. By splitting principle, we may assume that E = (Bm=i-I^m-, where L^s are 
line bundles. Then 

Consider the index set {{ji, ■ ■ ■ , j„) : 1 < Ji, • ■ ■ , jn < r}. The action of cr„ or 
equivalently the cyclic group Z„ on £"*" corresponds to the cycling of the indices: 

CTn(jl, • • • ,jn) = (jn, jl, ' ' ' , jn-l)- 

For each J — (ji, • • • , j„), let Lj = Lj^ • • • (g) Lj„, and Vj be the subbundle 
spanned by line bundles La-k(^j^, fc = 0, • • • ,n — 1. Then Vj is invariant under the 
action of Z„ = (it„). Since _E^" is a direct sum of such Vj's, it suffices to find 
(f)^^[Vj) for all J. When ji ^ ■ ■ ■ = j^ — m, Vj = L®" is fixed by cr„. In other 
words, cr„ has eigenvalue 1 on (Bm=iLm^ = '0"(^)- When ji, ■ ■ ■ , j„ are not all 
identical, there are two cases to consider. If the orbit of J has length n, then Vj 
is the direct sum of n-copies of ij, and each fiber is a regular representation of 
Z„ = ((Tn)- Therefore, cr„ has eigenvalues e^^'"^^^ /n, fc = 0, • • • , n — 1. Hence 

ri-l 
fc=0 

Another case is that the orbit of J has length 1 <l < n. Then it is easy to see that 
^1": jk = j/c+z, i-e., J is of the form 

Vj is isomorphic to the direct sum of I copies of (Lj-^ (g) • • • Lj^y^^K Further- 
more, Z„ acts on Vj via Z; = Z„/Z„ /(-action which correpsonds to (ji, ■ ■ • , j;) '"^ 
UniJii'-- ,ji-i)- Therefore, one sees that (7„ has eigenvalues g'^'^^V^/i^ ]^ _ 
0, • • • ,n — 1. Hence 

fc-i 

0<.„ (K/) = E e''"^/'(i.. ® • • • ® i..)"/' = 0. 

fe=0 

This completes the proof. D 



Remark 1.1. In the calculation for ji, • • • , j„ not all identical, one can also compute 
the character of the Z„ or Z; representation on the fibers of Vj. This again gives the 
eigenvalues of an on Vj. This argument can be generalized to the graded version 



(cf. Proposition 3.1 ) 



1.3. External tensor products. For i — 1,- ■ ■ ,n, let Ei ^ Xi be vector bundles 
over manifolds Xi. pi : Xi x ■ ■ ■ x Xn — > Xi the projections onto the i-th factors. 
The exterior tensor product of _Bi, • • • , _E„ is defined to be: 

Ei^---MEn^ pIEi (g> ■ ■ ■(g>p*„En. 

For a vector bundle tt : £' ^ X, let _E^" be the external tensor product of n-copies 
of E. There is an ^n-action on X" given by 

a{xi,- ■ ■ ,Xn) = (Xa-^l),- ■■ ,Xcr-i(n)), 
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where a € Sn, xi, • • • ,a;„ £ X. In other words, each Xj is moved to the cr(j)-th 
position. Similarly, there is an iSn-action on iJ^" given by 

a{vi M--- ,Vn) = w<^-i(i) K •••Hi;^-i(„), 

or equivalently, 

Cr{p*lVi (g) ■■■(g)p*„Vn =_PiW<^-i(i) (E) •••(g)p;w<^-i(„), 

where a £ Sn, Vj G E^. = ■k~^{xj), Xj £ X, j = 1,- ■ ■ ,n. Therefore E^" is an 
S'„-bundle over the Sn-manifold X". Clearly the external tensor product defines a 
ring homomorphism (cf. Atiyah [y. Proposition 3.2): 

Mn:K*{X)^Ks„{X''). 

Let An{X) = {(x, ••• ,x) e X"}. The map i : X -> A„(X) ^ X" given 
by a; i— > (a;, • • • ,a;) induces a homomorphism i* : Ks„{X^^) — + Ks^(X). Clearly 



i*{E^-^) = E"^"". Notice that (X")'"" = A„(X). From Proposition 1.1, we get 



Corollary 1.1. For a vector bundle E on X, we have i*0cr„(£^^") = -(/""(i?). 

1.4. Riemann-Roch numbers. Let tt : E ^r M he a, holomorphic vector bundle 
over a closed complex n-manifold M . Consider the Dolbeault complex 

^ n^'^^E) h r)O.i(^) h...h n^^'^^E) ^ o, 

and the Dolbeault cohomology H*{M,E) ~ KerSs/Im^s. The Riemann-Roch 
number is by definition 

n 

X{M,E) ^ ^ dim H'^{M,E). 

The famous Hirzebruch-Riemann-Roch theorem states 

xiM,E)^ f ch{E)T{M), 

JM 

where T{M) is the Todd class of M. 

1.5. Holomorphic Lefschetz theorem. For a vector bundle E on M, set 

St{E)^l + tE + eS''{E) + --- , 
ht[E) ^ 1 + tE + t^ K^{E) + ■ ■ ■ . 
They are exponential in the sense that 

St{Ei+E2)^St{E^)St{E2), 

At{Ei+E2)^At{Ei)At{E2). 

Now assume that Af is a complex G-manifold, _E is a holomorphic G-vector 
bundle. Denote by N^ the holomorphic normal bundle of a component of M^ in 
M . Then there is a natural decomposition 

o<e<2-!T 
where each N^ (9) is a holomorphic subbundle on which g acts as multiplication by 
e^=^'. Set 

n 

Xg{M,E)^Y.^~l)Hr{g\H.(M.E))- 

q=0 
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The holomorphic Lefschetz theorem states: 
(16) X9iM,E) 



chg{E\M9)T{M3) 



M. chgA_i((iVs)*) ■ 

Recall that if y is a complex G-bundle on X (with trivial G-action on X), one can 
compute the equi variant characteristic classes as follows: for any g (z G, 



F^ v{e), 



0<e<27r 



where g acts on V{6) as multiplication by e^i^. if {xj} denote the Chern roots 
oiV{e), then 

chg{V{e)) = Y, e"^+^^' = e^^« Y. e"' = "^^^^ chF(0) - ch(e^^V(0)), 

J 3 

ch,A„i(ne))=n(i-e'^^^')' 



With the notation of §1.1, (hq) can be rewritten as 

c\v4>g{E)T{M9) 



(17) Xg{M,E) 



M. c/igA_i((7V5)*) 



1.6. Index theory on orbifolds. On the orbifold M/G, E/G is a T^- vector bun- 
dle. Then one can define orbifold version of Dolbeault operator 

dE/G--^''^*{E/G)^n^^*+'{E/G), 

where Vf''*{E/G) = Vf''*{E)'^ . One can consider the Dolbeault cohomology 

H* {M/G, E/G) = Ker Be /a/ Im Be/g 

and the Riemann-Roch number 

n 

X{M/G,E/G) = ^(-1)« dim i/'(M/G,-B/G). 
Standard character theory shows that 



X{M/G,E/G) = -^J2^9iM,E) = J2 jh^AM^E). 
1^1 gee [g]eG, \^a\ 

By (p7|), we then have 



[^]gg^ ,-91 A/. ch,A_i((7V9)*) 



String theory on orbifold suggests the consideration of another version: 

X{M,E\G)^ Y x{MyZg,cl,g{E)/Zg). 
gee. 
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2. RiEMANN-ROCH NUMBERS OF SYMMETRIC PRODUCTS OF VECTOR BUNDLES 

2.1. Structures of the fixed point sets. We first recall the structure of (X")^ 
for g e Sn- Any element of Sn can be uniquely written as a products of mutually 
exclusive cycles. Denote by Ni{g) the number of ^-cycles in g. The sequence N{g) = 
{Ni{g),N2{g), • • • ) is called the cycle type of g. Each cycle type corresponds to a 
unique conjugacy class, since permutations with the same cycle type are conjugate 
to each other. Given any element g € Sn of cycle type N = {Ni, N2,- ■ ■), there is 
an isomorphism 

Zg - Sn, X {Sn, lZ^')x---x {S^^ I Z^-), 

where Sni corresponds to permutations of the ^-cycles of 17, and each Zj corresponds 
to the cyclic group generated by an ^-cyle in 5. It is clear that 



(18) (x^y = l[Aiix)^' = l[x' 



1=1 1=1 

where each Z-cycle of g contributes a copy of Ai{X). Since each Z^-factor in Zg 
is generated by the corresponding /-cycle, it acts trivially on the corresponding 
Ai{X). On the oter hand, the Sat, -factor acts by permuting the Ni copies oi Ai{X). 
Therefore 



(19) iX-r/Zg = l[x^^/SM,^l[^ 



1=1 1=1 



2.2. Reduction to cycles. For g e 5„ of cycle type (A^i, • • • , Nn), it is easy to 
see that 



Xg{X-,E^-) = llx.,iX\E^Y\ 



1=1 



where ai = (12 • • • /). Therefore, we have 



n>0 n>a ^lNi=n ^'■'-^ '' 1 = 1 



l\\Ni 



= E E n]^(^'x.(^',i^-'))"'-nE]^(A^<(^''^")) 

n>OY:_lNi=nl=l l>lNi>0 

- l[c^p(]p'x..{X^,E^')). 
i>i ^ ^ 

To summarize, we have 

(20) Yl xixysr., E^ys^)p'^ ^ n c^P (yp'x-' (^'' ^^ 

n>0 1>1 ^ 

2.3. Calculations for cycles. First notice that TX^^\^^i^x) is isomorphic to the 
direct sum of n copies of TX and cr„ acts on it by cycling the factors. Since the 
eigenvalues of an n-cycle on C" are g'^'^^v^/n Jq,. ^ _ 0, • • • ,n — 1, each with 
multiplicity 1, it is clear that 

n-l 

0.„(TX"U„(x)) - E e^'^^^/^^TX, 

fc=0 
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where k = corresponds to TAn(X). Hence 

n-l 

fc=i 
If {xj : j = 1, • • • ,d} are the Chern roots of TX {d = diraX), then we have 

d n—1 d 



ch.„ A^i((Ar^„(^)/^„)*) = n 11(1 - e^-^-2..v-T/«) ^ Yl -j^-^ 

3 = 1 k=l 3 = 1 

This gives 

(21) ch,„A_i((7VA„(x)/X")*)- "'^(^^^ 



r(V'"(Tx))' 

Combining ([l7|), ( pi| ) and CoroUary LI, we get 



(22) x.^X^^E'^n = -J cHriEWiriTX)). 

Lemma 2.1. We have x<t„(^",^^") = xiX,E). 

Proof. Denote by {xi,--- ^Xd} and {yi,--- ,yr} the Chern roots of TX and E 
respectively, then we have 

^ r d ^ 

X{X,E)= / ^ e^' • n ^^-^ = / Fdixi,--- ,Xd,yi,--- ,yr) 

J X j^j^ j^i J X 

for some homogeneous polynomial Fd of degree d. Now from (E2h we have 



<J X ,- — 1 ^- — 1 






— T / Fdinxi,- ■ ■ ,nxd,nyi,- ■■ ,nyr) 

Fd(a;i,--- ,a;d,2/i,--- ,2/^) = x(-''^,-E')- 

D 

Theorem 2.1. For a closed complex manifold M and a holomorphic vector bundle 
E on X , we have 



J2x{XVS,.,E^-/S,.)p- = |^(^ ,,) , 



Proof. Combining (|2C|) with Lemma p.l| , we get 



i>i ^ 



nexp(iA(X,F))^---i 



,>, .- . {i-p)-i-^^y 



n 
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Remark 2.1. One can find an easy proof of tlie formula in tlie above theorem using 

H*{X--/Sn.,E^"/Sn) = S"iH*{X,E)). 

2.4. Formula for x(^", -B^"|S'„). Similarly, we have 

n>0 

n>0 Y^lNi^nl^l 

n 

n>0 2 lN,=nl=l 
l>lNi>0 

- n n e-p f^Ji^'"^'^"^ (^'"' (^- (i^'^'))''") 

i>lm>l ^ 

To summarize, we have 

(23) J2xiX\E^"\S^)p^^ = n n ^^P (V"x<.™(^"\(0^,(i^''')) 

n>0 />lm>l ^ 

Theorem 2.2. For a closed complex manifold M and a holomorphic vector bundle 
E on X , we have 

Ex(^".i^""l^>" = n n_„n.k.M.)) - 

ri>0 ;>i "^ ^ '' 

Proof. Combining (|2^) with Proposition |l.l| and Lemma 2A_ for ■0' (S) , we get 

Y,x{x^.E^-\sn)f^ = n n °^p (;5^p""x-™(^™-(0.,(i^'''))''™) 

n>0 i>lm>l ^ 

= n n e^p (^p""^-™^^'"' (^'(^))^'")' 

/>lm>l ^"^ ^ 

= n n e^p (;^p""^(^' ^'(^))) = n ^^p ( E ^J^^'^^^^' ^'(^)) 1 

/>lm>l ^"^ ''^ Z>1 Ym>l "^ y 



11 fl_„Ox(^ 



n 

3. Generalizations to the graded vector bundles 

3.1. Graded anti-symmetric S'„-action. We now assume that tt : E ^ X is T, 
or Z2-graded vector bundle. Define the graded anti-symmetric 5„-action on E'^'^ 
as follows: 
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where the sign (— l)'^(°''l''il'' -I""!) is determined as follows: use transpositions of 
adjacent vectors to change t'cr(i) Kl • • • Kl ^^(n) back to vi^ ■ ■ ■ M Vn, for each such 
transposition v (^ w i— > w (^ v, introduce a sign (— l)!^!!""!. One can easily check 
that the final result does not depends on the choices of the transpositions. Simi- 
alarly define the graded anti-symmetric ^n-action on _£**". These definitions are 
motivated by the following 

Example 3.1. Let E = A*{T*X). Each fiber of A*(r*X") is spanned by elements 
of the form p![ai A- • -Apjjan, where as earlier pj : X" ^ X is the projection onto the 
j-ih factor, ai, ■ • • , a„ € A*{T*X). Therefore we have an isomorphism of vector 
bundles 

(24) j^*i^T*X'')^A*{T*X)^", p*ai A---Ap>„H^aiK---Ha„. 

The S'„-action on X" induces an S'„-action on A*{T*X"): 

(T*{plai A ••• Ap,>„) ^pl^-^^ai A--- Ap;(„)a„ 

= (-ir("'l"^l--l""lpj«.-i(i) ® • • • ® P>.-i(„). 

With respect to the isomorphism (EJ), the induced S'n-action on A*(r*X") is just 
the graded anti-symmetric action of S'„ on A*{T*X). Similar discussions can be 
carried out for E = A*{TX). 

3.2. Graded /f-theory and graded Adams operations. It is straightforward 
to define the graded iiT-thcory GK{X) as the Grothcndieck algebra of graded vector 
bundles on X. Similarly define the graded equivariant i^-theory. Define the graded 
Adams operation GV"" : GK{X) -^ GK{X) as follows: if i? = Li ® • • • L,-, where 
Li , • • • ,Lr are line bundles of degree rfi , • • • ,dr respectively, then 

r 

GV'"(£^) = ^(-l)("-i)^^Lf". 

As in the ordinary case, we have maps 

®n : GK{X) ^ GKsjX), Mn : GK{X) ^ GiCsjA:") 

defined by sending E to E^^ and iJ^" with the graded anti-symmetric S'„-actions 
respectively. The graded version of Proposition 1 . 1 and Corollary ^^ is the following 



Proposition 3.1. For a graded vector bundle E On X , we have 

r0^„(£;^" = GV/'(£;). 

Proof. By splitting principle, we may assume that E = (Bm=i-^rn, where each Lrn's 
is a graded line bundle of degree dm- Then 

For each multiple index J = {ji,- ■ ■ ,jn), agian let Lj — Lj^ (E) ■ ■ ■ <E) Lj^, Vj the 
subbundle spanned by line bundles L^k^j^, k — 0,- ■ ■ ,n — 1. Then Vj is invariant 
under the action of Z„ = (cn). Since E^""^ is a direct sum of such Vj,s, it suffices 
to find (/)cr„ (Vj) for all J. When ji = ■ ■ ■ = jn — m-, Vj — ^m" ^^'^ '^n acts by the 
multiplication of 

/ -t\e{(Tn,drm--- ^dm) / ^ \dm- (jl — ljdm / -|\{n— l)d,„ 
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In other words, 

r r 

m—1 ni—1 



When ji, • • • ,jn are not aU identical, we modify the proof of Proposition 1.1 by 
computing the characters as explained in Remark 1.1 to show 0cr„(Vj) = 0. D 

3.3. X-y of graded holomorphic vector bundles. For a holomorphic Z-graded 
vector bundle E = ®'JLqE3 on X, write E^y = Y."Lo{~yy E^ and 

X-y{X, E) = x{X, E^y) = Y.^~yyx{X, E). 
There is an induced grading on E and we have 

E-y = {E-y) 

in the sense that both sides can be written as 

E(-y)' E E'^-M---ME^-. 

fc>0 ji + ...j„=fc 

Denote by i?^"/5,° the quotient of iJ^" by the graded anti-symmetric action. Now 
we have 



X-v 



{XySn,E^yS^J= E TV-\^9AX'\Ef 



[ff]e(S„). ' ^' 



Here we have used g°' to indicated g acts graded anti-symmetrically. 

Theorem 3.1. Let E be a Tj- graded holomorphic vector bundle over a closed com- 
plex manifold X , then we have 



J 

i>i "- 



Proof. As in § [j.2| , we have 



I' 

1>1 ^ 



From (p7[), (21) and Proposition 3.1, we get 

x.s(^",^^;) = -J cHGr{E-y))T{r{Tx)). 

n" Jx 

Without loss of generality, we may assume that E = 0j'„^iim, where each L,„'s is 
a graded line bundle of degree dm- Let ym = ci(Lm). Also let {xi, • • • , Xd} be the 
Chern roots of TX. Since 

r r 

Gr{E-y) = GriY.i-yr^L,) == ^(_l)("-l)'i.(_y)"'^.Lf", 
i=l i=0 
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we have 



^,.(X",£;?;) = i. /■^(_l)(«-lK■(-y)«'^.e"^^^- 
■^ -'i^ ; n ^' — 1 



d 



j = l 



e J 



Jx 



IX 

Here for the second equaUty we have used the same argument as in the proof of 



Lemma 2.1. This completes the proof. D 



3.4. The Hirzebruch x_j,-genera of the symmetric products. Recall Hirze- 
bruch's x-y-genus for a compact complex manifold M is 

X^y{M) = Y. {~^rh'^'{M){-yy = x-y{M,K*{T*M)) = x(M, A_,(T* A/)). 



By Example p.l| , 

Y^X-yiX^'-^W' = YxiXVSn,A-y{T*X")/S?,)q". 



n>0 n>0 



This recovers ( |l^ ) by Theorem 3.1 . 



3.5. The i?-Hirzebruch genera x-y of symmetric products. As explained 
in Zhou |l4| , the study of mirror symmetry of Calabi-Yau manifolds motivates the 
following definition: 

X-y{M) = x-y{M,A*{TM)) = x{M,A-y{TM)). 

Denote by h-P''>{M) the dimension oi H''{M,Ap{TM)), then 

p,q>0 

We have proved in [|^ the following formula: 

(25) Y X-y{X^-^h- = cxp [Y ^^,' 

ri>0 V'>1 



This can be recovered by exactly the same method (Example [3.1] and Theorem 3.1) 
as for X-y 
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3.6. Formulas for X-y(X'\ S,,) and X-yiX"^, Sn)- From (|l|) and (|l|), one gets: 

n 
n>0 n>0 5^;Ar,=n; = l 

= n E 9'^'y^'('-^^^/^x-.(^(^')) = n E iiV'-'^'^T^x^yix^'''^) 

l>lNi>0 l>lNi>Q 

= n^-p(E^^^v^('?V'-^)'^/^r] by® 

1>1 \n>l J 

p'x-,.m v-,.,.,,.j/jj-A /v- 9" x-,.m 






This recovers (|14|). Similarly, we have 

for a complex orbifold M/G. Then the same proof recovers: 
X-,(X , 5„)g = exp n - _ fi/2.r. 

n>0 \n>l ^^ ^'^ 
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